Rigid Body Kinetics

All formula which are applicable to a system of particles will also be applicable to Rigid
Bodies. The additional constraint placed on the system of particles, which requires the distances

between particles be constant, simplifies the problem substantially.

Recall the equation of motion for a system of
particles is 7
j g
N w
TN
But for a rigid body, one additional constraint can be S ‘\ )
placed on the velocities, i.e., [ ) -
\\/ aQ
U; = Vg + & X 7/q
= Ug + @ X P (2) Tj i3
wherep; = ;¢ is the position vector of mass; RG L
with respect to the center of gravity. Combining ( )
equations (1) and (2), we can write z ///
(2
N N A
- d
=1 =1
7—:2_

Removing now constants from the summation over
indexi, we have

L oaf. N ) N )
ZF = ’l)szi + @ x Zmipi 4 5
i=1 i=1

Define now the total mass,
N
M=y
=1
and recognize that
N
Zmiﬁi =0
=1

by the definition of the center of gravity, the equation of motion for rigid bodies in translation can

be written simply as

_ d N .
E:F:£MMQ:AMG

which is identical to that for a system of particles.
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Moment and Angular Momentum of a Rigid Body

Recall for a system of particles, the alternate form of Newton’s 2nd Law, that of moment and
angular momentum, can be written about the ori@ias

— d —
Mo = —H 1
> Mo=—Ho (1)
where the total moment about poitfor all external applied forces is defined as

Y Mo =) 7 x Fj (2)
7

and the total angular momentum about p@intor N mass particles is defined as
N
HO = Zﬁ X 77’L1’l_))Z . (3)
=1
For a rigid body, the additional constraint on the velocities is such that
Uy =04 +& X T4 (4)
in which A is a point on the rigid body where the velocity is known. Since Newton’s Second Law
for translations utilizes the velocity and acceleration of the center of gré&yityis convenient to
simplify equation (3) by substituting poidt as pointA in equation (4), i.e.,

U; = UG +W X Ty g = Ug + & X pj : (5)

in which N
Tijc =Ti — Rg = p;

To obtainr; for equation (3), rewrite the above equation as
7 = Ro + 7 (6)

and then substitute equations (5) and (6) into equation (3) to yield

Ho (Rg + ;) x mi(T + & x )

I
.MZ

@,
I
—_

N
RG X miUG + E ﬁz X miUG
1 =1

[
WE

.
Il

N N
+Y Re x mg(@ x §7) + Y i x mi(& x i)
1=1 1=1

N N
o x (zmi) o + (zmiﬁ) o
=1 =1
N N
+ Ra X & % (Zmi@) + ) mi (i x B % ;)

i=1 =1
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Using again the definition of the center of gravity, i.e;,m;p; = 0, and letM be the total mass
> m,;, we can write the angular momentum about the ori@ias

N
Ho = Rg x Mg+ Y mi(p; x & x p;) . (7)
1=1

The above expression is written @fstract algebraform, which implies it is applicable for any
coordinate system.

The Moment of Inertia Matrix of a Rigid Body

To make equation (7) easier to apply numerically, the second term on the right-hand-side,

N
Zmz(ﬁl X W X ﬁl) )
=1
can be expressed as the matrix prod(it|w, thus separating completely the geometrical

information contained i from the kinematic information contained ih Otherwise, the entire
summation has to be recalculated every instant the angular velboityhe body changes.

In vector algebra, there is an identity for any arbitrary vectbr$§ andC such that
(AxB)xC=(A-C)B-AB-C) . (8)
In our application, we shall lef andC represenp; and B representss, then
pi X & X py = (pi - )& — pi(pi - &) . (9)
In matrix form, equation (9) can be written as
pi x & x pi = ({pi} {pi}) {0} — {pi} ({p:} " {w}) (10)
or by altering the order of matrix multiplication
pi x @ x gy = ({piy {pi}) {w} — ({pit{pi}") {w}
= ({pi} {p} 1] = {pit{pi}") {w} (11)

where[1] is the3 x 3 identity matrix.
Using cartesian coordinates, let

Pxi Wy
{pi} = ¢ pyi and J=q wy
Pzi Wy
then
Pxi
{piY {piy =15 =[px ey pail | pyi | = (o5 + 05+ 0%)
Pzi
Pxi P>2<i PxiPyi  PxiPzi
{piHp} = | pyi| [pd Py pal= | pyio  P5  pyipai :
Pzi PziPxi  PziPyi P?i
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and

1 0 0 pfi PxiPyi  PxiPzi Wg
pix Gxpi=|(pg+ri+r7) |0 1 0| = |pypi P pyipa Wy (12)
0 0 1 phipxi PziPyi Pa W

Performing now the summation overthe moment of inertia matri} ;| can be expressed as

N
Ic)d =) “mi(p; x & x ;)
=1

13
N P)2/i + pgi — PxiPyi — PxiPzi (13)
= Mg | — PyipPxi p)2<i + P?i ;pyiPZQi w
=1 —PziPxi  —Pzifyi Py Tt Py

Convenient Points to Formulate the Rotational Equation of Motion

As shown in equation (7), the angular momentdfp is dependent of both the linear
momentum term)/ v, and the angular momentum tefifig;]J. Therefore, the linear momentum
equation and the angular momentum equation is normally coupled. There are two special cases,
however, where the two equations of motion are uncoupled.

Case 1: Origin O is the Center of Gravity G

If the center of gravityG is the originO, i.e.,7¢ = 7o, then the position vector

Ra =7Ta/0=Ta—To=0
It is clear that the first term of equation (7) vanishes and
Ho = Hg = [I]3

Case 2: Origin O is a Fixed Point

If the origin O is a fixed point, thewp, = 0 and

UG =To +& X Fao =3 x Rg . (14)

Substituting equation (14) into equation (7), the angular mometfyntan be expressed as

N
ﬁoZMR0XQXR)G+Zmi(ﬁ¢X&Xﬁi) . (15)
=1

Judging from the similarity of the two terms on the right-hand-side, we can write

Ho = [Io]3 (16)
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where[Ip] = [I7] + [I¢] with [I5] defined by equation (13) andy] defined by

[I7]6 = M(Rg x & x R¢)
R2+R? —R.R, —R.R. (17)
=M | —-RyR, fﬁ+4% -RyR, ]

Equation (17) is the “parallel-axis theorem” in three dimensions. The vdtyest, and R, are

thex, y andz components of the vectdic, respectively. Once the moment of inertia matii|
is known at the center of gravity, then it can be translated elsewhere by first calculating and then
adding the translation matrXr].

If for some reason the moment of inertia matil) | is known at pointd and it is desirable to
obtain the moment of inertia matrjXz] at pointB. Then the steps which must be taken are

(1) calculatglr;] using the position vectaty ¢,

(2) determindlg] = [14] — [I71],

(3) calculatg/r»] using the position vectary ;, and
(4) obtain[Ig] = [Ig] + [I72].

Itis important that one of the points used during the translation of axes be th&fdirgincorrect
to calculatg/g| = [I4] + [I7] in which [I7] is determined using position vectg /4.

The Moment of Inertia Matrix of a System of Rigid Bodies

A complex machinery is often composed of several components which can be considered rigid
bodies. Unlike particles, which are concentrated masses, each rigid-body component has its own
moment of inertia matrix.

To calculate the total moment of inertia matrix for a system\ofigid bodies, assume the
moment of inertia matrix at the center of mass of each rigid gy is already known, then the
total moment of inertia matrix of the system about pa@inis

N
IO :Z [IGZ ITz 5
=1

inwhich[I7;] is the translation matrix calculated using the position veBtgrof thei-th rigid-body
component.

If the components have simple geometries such as a slender rod, a thin plate, a cylinder or a
sphere, then their moment of inertia matrices about their centers of mass can be formed by simply
consulting areference table. The moment of inertia matrix for a symmetric body is always diagonal.
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Rotational Transformation of Inertia Matrices

If the moment of inertia matrix z

[Io]xyz i1s known in thexyz coordinate
system, it is sometimes important to have c
it expressed in thabccoordinate system. b

Consider first the definition of
[IO]xyz,

{HO}xyz: [Io]xyz{w}xyz (1)

in which {Hop}xy; and {w}y,, are the
angular momentum and the angular ve- =
locity vectors expressed in thgzsystem,
respectively.

Now if we define a coordinate transformation maf¥ such that

{a}abe = Q] {q}xyz

then for our vectors of interestHo } and{w}, we have

{HO}abc = [Q] {HO}xyz 5

and
{whabe = [Q] {W}xyz

or

{whyz= [Q]T {w}abe
Substitution of equations (1) and (5) into equation (3) yields
{HO}abc = [Q] {HO}xyz = [Q] [IO]xyz{w}xyz = [Q] [IO]xyz[Q]T{W}abc

or the equation
{HO}abc = [Q] [IO]xyz[Q]T{W}abc

Define now the new relationship

{Ho}abc = [IO]abc {w}abc

It is clear by matching equations (7) and (6) that

[IO]abc = [Q] [IO]XYZ[Q] g

(8)

In equation (8), the transformatid)] must be defined as shown in equation (2), i.e., foom
to abc It is interesting to point out that two matrix multiplications are required to transfégh

because it is a tensor of second rank.
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Example — Calculation of the Moment of Inertia Matrix

Find the moment of inertia matricd$o] and [I¢] o
for the object represented by 3 concentrated masses
with massless rods. The masses and their respective

position vectors arein; = 4kg, mo = 5kg, m3 = G X0

3kg and/, = {4,1,-2}7, 7% = {-3,0,3}7, 73 =

{2,1,1}7. v y
Solution:

Since the moment of inertia matrices of concentrated masses are zero, the moment of inertia of the
system can be calculated by simply adding the translation matrices using the parallel-axis theorem.

[o]

16 4 -8 9 0 -9 4 2 2
=4 (211]-] 4 1 -2 +5[181]—| 0 0 O +316[1]— |2 1 1
-8 -2 4 -9 0 9 2 1 1
[ 5 —4 8 9 0 9 [ 2 -2 —2]
=4|-4 20 2| 4+5|0 18 0|+3|-2 5 -1
8 2 17 9 0 9 -2 -1 5 |
20 —16 32 45 0 45 6 —6 —6] 71 —22 71
=|-16 8 8 |+|0 9 O0|+]|-6 15 —-3|=1]-22 185 5
32 8 68 45 0 45 -6 -3 15 | 71 5 128

To find the location of the center of mass for the system of 3 particles, use the definition as

) 4 3 2 7 ) 0.583
(4+5+3)Re=4¢ 1 p4+54 0 p+3¢1={7 —  Rg=1{0583
—2 3 1 10 0.833

To find [I] for the system of 3 concentrated masses, find the translation nattifor the entire
assembly of 3 particles from poiat to pointO using the position vectaR:

1 0 0 0.34 0.34 0.49
[I7] =12 | (0.583% +0.583% +0.833%) |0 1 0| — |0.34 0.34 0.49
0 0 1 0.49 0.49 0.69

[1.034 —0.34 —0.49 124 —41 —=5.9

=12 —0.34 1.034 —049| = |—-41 124 5.9

| —0.49 —0.49 0.684 -59 —59 821

Now, [Ip] = [Ig] + [Ir] implies [Ig] = [lo] — [Ir] ,or

58.6 —17.9 76.9
[Ig]= | —17.9 1726 109
769 109 119.8
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Example — Moment of Inertia of a System of Rigid Bodies

An out-of-this-world object is composed of (i) a solid
sphere of mass 20 kg and radius 1.5 m placed on top
of (ii) a 1-meter tall massless column with (iii) a thin
ring of 5 kg mass welded on the sphere’s surface at
an angle oB0° measured with respect to the equator.
Find the3 x 3 moment of inertia matrix/o| about
point O. The radius of the ring is approximately 1.5
m.

Y

300

SOLUTION:

For the sphere, the moment of inertia matrix about its center of mass is

1o 0] 100 18 0 0
2

0 1 0] =2@20)(L5)*[0 1 0| =]0 18 0

00 1 00 1 0 0 18],

Yy
05 0 0 Z
[Igolape =mR* | 0 1 0 00
0O 0 0.5
5.625 0 0 x
- 0o 1125 0 S0°
0 0 5.625 b
a @
Define now the transformation fronbc to zyz as
Qx cos30°  cos60° 0 Qa 0.866 0.5 O qa qa
qy ¢ = |cos120° cos30° 0 g ¢ =|—-05 0.866 0 @ ¢ =[Q]S &
q- 0 0 1 qc 0 0 1 dc qc
5.625 0 0 0.866 —-0.5 0
Igo)ey-=1[Q] | 0 1125 0 0.5 0.866 0
0 0 5625], | 0 0 1
0.866 0.5 0 4.87 —2.81 0 7.03 2.44 0
= | —-05 0866 0 5.63 9.74 0 = 1244 9.84 0
0 0 1 0 0 5.63 0 0 5.63 oz
SinceRg1 = Raa = {0, 2.5, 0}7
1 0 O 0 0 0 156.25 0 0
[I71) + [Ir2) = (20+5) [6.25{0 1 O |0 625 O0|]=| O 0 0
0O 0 1 0 0 0 0 0 156.25

181.28 2.44 0
o] = 1] + [Iao] + [Ir] + [Ir2] = | 244 2784 0
0 0  179.88

TYz
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Example — Computation of the Moment of Inertia Matrix

Find the moment of inertia matricék,| for the object represented by a slender rod & 10 kg)
and 2 slanted thin rectangular platesy(= ms = 5kg). The thin plates have the dimensions of
4 mx2m and they are mounted onto the slender rod at an angle°dbelow the horizontal axis.
(Note: theabcanddefcoordinate systems are specified for intermediate calculations only.)

G3

A

Moment of Inertia Matrices About Respective Centroids:

[Igs] = 0

Rotation Matrices

ax
qy
qz
ax
qy
qz

[ 15(10)(6)?
[Ig1] = 0

abc

30 0 O
30 0

0 0] XYz

0 da
cos 60° QB
cos 30° qec

0 qd
cos 120° Qe
cos 30° qr

~7/19-



Rotational Transformation for the Rectangular Plates

6.67 0 0 | 1 0 0
[Taolxyz = [Qi][Iga2]and@1]T = [Q1] | 0 1.67 0 0 0.866 —0.5
0 0 833|,.l0 05 0866
1 0 0 6.67 0 0 ] 6.67 0 0
=10 0866 0.5 0 1446 —0.835| = 0 3.335 2.884
0 —0.5 0.866 0 4165 7.214 | 0 2884 6.665
1.67 0 0 [0 —0.866 —0.5
Igslxvz= [Q2][Ic3]aed@2]" = [Q2] | O 6.67 0 1 0 0
0 0 833|400 —05 0.866
0 1 0 0 —1.446 —0.835] 6.67 0 0
= |[-0866 0 —0.5]||6.67 0 0 =1 0 3.335 —2.884
—-0.5 0 0.866 0 —4.165 7.214 | 0 —2.884 6.665
By combining the three inertia matrices, we have
3 4334 0 0
> Uailxz=| 0 3667 0
i—1 0 0 13.33

XYz

Translational Transformations for All Three Elements

. 0 9 0 0 0 0 O 90 0 0
Rg1 =40 = [Ir1] = (10) 09 0|l—-[0 0 O =10 90 O
3 0 0 9 0 0 9 0O 0 O
. 0 0
Rgo = 2 cos 30° =< 1.732 =
4 — 2sin 30° 3
12 0 0 0 0 0 60 0 0
Ira)=(G) |0 12 0|—-|0 3 519 ||=|0 45 —25098
0 0 12 0 5.196 9 0 —25.98 15
. 0 0
Reas = —2cos 30° =< —1.732 =
4 — 2sin 30° 3
12 0 O 0 0 0 60 0 0
[Ir3] = (5) 0 12 0| —-10 3 —5.196 =10 45  25.98
0O 0 12 0 —5.196 9 0 25.98 15
By combining the three translation matrices (parallel-axis theorem), we have
3 210 O 0
Z[ITi]XYZ: 0 180 O :
i=1 0 0 30

XYz
and the total inertia matrif | can be computed as

3 3 253.34 0 0
o] = Z[IGi]XYZ+ Z[ITi]XYZ = 0 216.67 0
i=1 i=1 0 0 43.33

XYZ
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Moments of Inertia of Arbitrary Shape Objects

Two-Dimensional Solid Objects

Most two-dimensional objects can Y
be approximated by assembling a set of
triangular elements. The useful properties ()Y
of a triangular element can be calculated
by first defining the three vertices of
the triangle asy = {xp,yr}?, ™ =
{zi,y}" and 7 = {z,ym}’. The
center of gravity of the element can then (z91)
be computed as

" oL (7,y,)
Ry=-(Fi+i+7) . 0 ok -

—_

w

Its area, A, can be calculated as a
determinant of a matrix as Yy 3

A://dxdy:— 1z y
211

Tm  Ym

4
If a constant area density, is used, the
mass of the triangle isr = 7 A.
5
1

2

Define now the position vectors with
respect to the center of mass as

pi=7i— Ry , i=1,23

then the element’s moment of inertia matrix about its center of gravity is

3 3 2
Il =35 > (Pl = i) = 35D {’” ppﬂ

e 2
i=1 1 L PiyPix Pix

E

Using the parallel axis theorem, the moment of inertia magfix|, can be calculated aflp| =
[Ic] + [Ir], in which the translation matrix/7|, is defined as

(1] = m (Y Ry[1] — R, R )

Assembling the Elements

The area of the object s first partitioned idtbtriangular subareas and the nodes are numbered
and theirz andy coordinates specified. The numbers used for the nodes are called global node
numbers while the numbers of the three vertices, 1, 2 and 3, are called local node numbers.
The way an element contributes to the entire object is established by three one-to-one pointers
between the local and global nodes. For example, element 1 has nodes 1,2,6; element 2 has
nodes 2,3,6; and element 5 has nodes 5,1,6; etc. Using these nodal coordinates, the moment
of inertia matrix of the trianglar elementf,,;|, can be calculated and translated to the origin,
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O, using the position vectorﬁgi. Therefore, the total moment of inertia and center of gravity for
the object are,

[Io] = Z[Igl] + []Tz] and RG = (Z mzﬁg,> / (Z mz) s

i=1

respectively. Using the newly calculated global center of gragtythe moment of inertia matrix
of the object can be determined@Gitby applying the parallel axis theorem as

Uc] =[lo] = [Ir]
in which

1] = (f m@) (fERlt) - fa )

Three-Dimensional Solid Objects

Most three-dimensional objects can
be approximated by assembling a set P
of tetrahedron elements. The useful
properties of a tetrahedron element can
be calculated by first defining the four
vertices of the tetrahedron ag& = (T,,Y,)
{xlmyk}T, F2 = {xhyl}T! FS =
{Zo, ym} T and 7y = {z,,y.}T. The
center of gravity of the element can then
be computed as

, (,,9,)
Ry = — (71 + 7 + 73 +174)

W

Its volume, V', can be calculated as a
determinant of a matrix as

1
V=[dV=-_
l/ 6

If a uniform mass density, is used, the mass of the tetrahedromis= 7V'.
Define now the position vectors with respect to the center of mass as

Tk Yk 2k
T, Yz (@5y)
xm ym Z’ITL ’

—_ = = =

—

p_;:Fz_Rg , 1=1,2,3,4

then the element’s moment of inertia matrix about its center of gravity is

m 4 o o m 4 pfy + p?z —PizPiy —PixPiz
Iyl =55 D_ (Pl =i ) = 55 D | —pipic Pe 0% —piypis
=1 =1 —PizPix _pizpiy szm + pzzy

Using the parallel axis theorem, the moment of inertia matfix|, can be calculated aflp| =
[I¢] + [Ir], in which the translation matriX/], is defined as

UT]:7n(ﬁgﬁﬂH——ﬁgﬁg)
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write (*,*) 'Enter 2=2D, 3=3D’
read (*,*) ndim
if(ndim.eq.2)call twod
if(ndim.eq.3)call threed

end

subroutine itgen(r,rg,n,it)

real r(n),rg(n),rho(3), |t(n n)

a=0.

do 1 i=1,n

I'hO(I) r(i)-rg(i)
a=a+rho(i)**2

do 2 i=1,n

do 3 j=1,n

it(i,j)=-rho(i)*rho(j)

it(i,1)=a+it(i,i)

return

end

subroutine clear(a,n)
real a(n)

do 1 i=1,n

a(i)=0.

return

end

subroutine sum(a,b,n,c)
real a(n,n),b(n,n)

do 1 i=1,n

do 1 j=1,n

a(hJ) a(hJ)+C*b(' )

end

10

21

22

23

24
30

31

41

42
50

subroutine twod

parameter (mxnode=50)

real r(2,mxnode),ar(3,3)

real rgs(2),rgt(2),ro(2)

real itc(2,2),it(2,2),igs(2,2)

real igt(2,2),i0(2,2)

integer ind(3)

call clear(r0,2)

call clear(io,4)

call clear(igt,4)

call clear(rgt,2)

areat=0.

open(1,file="input2d.dat’,status="old")

read (1,*) nnode,nel

do 10 inode=1,nnode

read (1,%) (r(j,inode),j=1,2)

do 30 iel=1,nel

read (1,*) ind

call clear(igs,4)

do 21 j=1,2

rgs@)=( (. Ir1d(l))+r(J ind(2))
+1(1,ind(3)) )/3.

do 23 j=1,3

index=ind(j)

ar(j,i+1)=r(i,index)

call itgen(r(1,index),rgs,2,itc)

call sum(igs,itc,2,1.)

continue

call det(ar,3,areas)

areas=abs(areas)/2.

call itgen(rgs,r0,2,it)

call sum(io,igs,2,areas/12.)

call sum(io,it,2,areas)

areat=areat+areas

do 24 j=1,2

rgt(j)=rgt(j)+areas*rgs(j)

continue

do 31 j=1,2

rgt(j)=rgt(j)/areat

call itgen(rgt,r0,2,it)

call sum(igt,io,2,1.)

call sum(igt,it,2,-areat)

write (*,41) r

format(’ Centroid=",2f10.3//

" I(origin)’,21x,’ I(centr0|d))

do 50 i= 12

write (*, 42) (io(i,)),j=1,2),
(i9t(i,)),/=1,2)

format(2f10.3,10x,2f10.3)

continue

return

end

21

22

10
20

30

subroutine det(a,n,d)
:’jeal a(n,n)

do 20 i=1,n-1
amax= abs(a(l i)
imax=i
do 21 j=i+l,n
aji=abs(a(j,i))
if(aji.gt.amax)then
amax=aji
imax=j
endif
continue
ifimax.ne.i)then
do 22 k=i,n
temp=a(imax,k)
a(imax,k)=a(i,k)
a(i,k)=temp
d=-d

endif
do 20 j=i+1,n
glpha a(J |)/a(| i)

10 k
a(j,k)=a(, k) alpha*a(l k)
continue
do 30 i=1,n
d=d*a(i,i)
return
end

10

21

22

23

24
30

31

41

42
50

subroutine threed

parameter (mxnode=50)

real r(3,mxnode),ar(4,4)

real rgs(3),rgt(3),ro(3)

real itc(3,3),it(3,3),igs(3,3)

real igt(3,3),i0(3,3)

integer ind(4)

call clear(r0,3)

call clear(io,9)

call clear(igt,9)

call clear(rgt,3)

volumt=0.

open(1,file="input3d.dat’,status="old’")

read (1,*) nnode,nel

do 10 inode=1,nnode

read (1,*) (r(jinode),j=1,3)

do 30 iel=1,ne

read (1,*) ind

call clear(igs,9)

do 21 j=1,3

rgs(i)=( r(J ind(1))+r(j,ind(2))

I’(j ind(3))+r(j,ind(4)) )/4.

do 23 j=1,4

index=ind(j)

ar(j,1)=1.

do 22 i=1,3

ar(j,i+1)=r(i,index)

call itgen(r(1,index),rgs,3,itc)

call sum(igs,itc,3,1.)

continue

call det(ar,4,volums)

volums=abs(volums)/6.

call itgen(rgs,r0,3,it)

call sum(io,igs,3,volums/20.)

call sum(io,it,3,volums)

volumt=volumt+volums

do 24 j=1,3

rgt(j)=rgt(j)+volums*rgs(j)

continue

do 31 j=1,3

rgt(j)=rgt(j)/volumt

call itgen(rgt,r0,3,it)

call sum(igt,io, 3 1)

call sum(igt, |t3 -volumt)

write (*,41) rgt

format(’ Centroid=",3f10.3//

' I(origin)’,31x,’ I(centroid)’)

do 50 i=1,3

write (*, 42) (io(i,j),j=1,3),
igt(i,j),/=1,3)

format(3f10.3,10x,3f10.3)

continue

return

end
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Moments of Inertia of Thin Shells

Three-Dimensional Thin Shells 2z
Most three-dimensional thin shells c
can be approximated by assembling a (©}9152) /
set of two-dimensional triangular shell (0 Y %)
elements. Unlike the two-dimensional tri- \

angular solid elements, the shell element
vertices haver, y andz coordinates. The b
useful properties of a triangular element
can be calculated by first defining the
three vertices of the triangle a§ = Yy
{er, yp 21}’ ™ = {x,y,z}" and

73 = {Zm,Ym,zm}’ . The center

of gravity of the element, in theryz
coordinate system, can then be computed
as

(z9,%)

_ 1 N o
Rgzg(Tl—i-T‘g—f—T‘g)

To calculate the element’'s area and it's
moments of inertia, it is necessary to
define a local coordinate systemtc, so
that the surface of the triangle lies on the
ab-plane with thec-axis perpendicular to
it. First define the unit vectoé,,, as

then the unit vectoi., as

(FQ — Fl) X (773 — 7?1>

(72 — 1) x (73 — 1)

Because of the cross produét,is perpendicular té,, therefore, the unit vecto#;, can be obtained
as

C:

€y = €. X €4

Using these three unit vectors, a transformation matrix can be developed between the two coordinate
systems as follows:

5T
€a

[Q(abe « zyz)] = el

AT
€c

Now transform the coordinates of the vertices from the system to theibc system using the
matrix products:

ag Tk ap Xy am Tm,
b p =1[Ql< vk , by p =1Q] < ui , b ¢ =[Q]§ Ym
CL AR Cy 2l Cm, Zm
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Because. is perpendicular to the surface, the ordinates,c; andc,, should be the same. The
element’s aread, can then be calculated as a determinant of a matrix as

1 1 Qg bk;
AI//dCLdei 1 aj bl
1 bm,

If a constant area density, is used, the mass of the trianglenis= 7 A.
Define now the position vectors with respect to the center of mass whthgy/stem as

—

then the element’s moment of inertia matrix about its center of gravity is

3 2
m _m Piv —PiaPib
abc 12 g pz :01 pzpz 12 Z |: —PibPia P?a

After the transformation,

[Ig]:ryz = [Q]T[Ig]abc[Q] )

the moment of inertia matri{/o], can be calculated afp| = [I,].y. + [I7], using the parallel
axis theorem. The translation matrjXy], is defined as

Hf]:7n<§gﬁﬁﬂ——ﬁg§T>

g

Assembling the Elements

The surface area of the thin shell is first partitioned ihfdriangular subareas and the nodes
are numbered and theit y andz coordinates specified. The numbers used for the nodes are called
global node numbers while the numbers of the three vertices, 1, 2 and 3, are called local node
numbers. The way an element contributes to the entire object is established by three one-to-one
pointers between the local and global nodes. For example, element 1 has nodes 1,7,8; element 2 has
nodes 1,2,7; and element 5 has nodes 3,4,6; etc. Using these nodal coordinateg instystem,
a “custom made&bce coordinate system can be fitted to a particular triangular element so that the
moment of inertia matrix,/,;], can first be calculated in théc system and then transformed to the

zyz system. After,;] is obtained in theryz system it can be translated to the origih, using

the parallel axis theorm and the position vech@g, Therefore, the total moment of inertia and
center of gravity for the object are,

[Io] = Z[Igz] + [ITZ] and éG = (Z mzﬁgl> / (Z mZ> R

respectively. Using the newly calculated global center of gragtythe moment of inertia matrix
of the object can be determined@Gtby applying the parallel axis theorem as

gl = [lo] = [IT]
in which

) = (Yoo ) (et - )
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10

21

22

23

24
30

31

41

42
50

C=---

10

20

C----

parameter (mxnode=100)
common/newvec/qr(3,3), q(3 3),qt(3,3)
real r(3,mxnode),ar(3,3)

real qrgs(3),rgs(3),rgt(3),ro(3)
real itc(3,3),it(3,3),igs(3,3)

real igt(3,3),i0(3,3)

integer ind(3)

call clear(r0,3)

call clear(io,9)

call clear(igt,9)

call clear(rgt,3)

areat=0.
open(1,file="shell.dat’,status="old")
read (1,*) nnode,nel

do 10 inode=1,nnode

read (1,*) (r(j,inode),j=1,3)

do 30 iel=1,nel

read (1,%) ind

call clear(igs,9)

d
rg?s(j) (r@, |nd(1))+r(J ind(2))+r(j, |nd(3)))/3
qrgSG)—( qr(J D+ar(,2)+ar(,3) )3

ar(j,i+1)=qr(i,j)

call |tgen(qr(1,1) qrgs,3,itc)
itc(3,3)=0.0

call sum(igs,itc,3,1.)
continue

call det(ar,3,areas)
areas=abs(areas)/2.

call itgen(rgs,r0,3,it)

call rotate(igs)

call sum(io,igs,3,areas/12.)
call sum(io,it,3 areas)
areat=areat+areas

do 24 j=1,3
rgt(j)=rgt(j)+areas*rgs(j)
continue

do 31 j=1,3
rgt(j)=rgt(j)/areat

call itgen(rgt,r0,3,it)

call sum(igt,io,3,1.)

call sum(igt,it,3,-areat)
write (*,41) rgt

format(’ Centroid=",3f10.3//
" I(origin)',31x,’ I(centr0|d))

do 50 i= 1 3
write (¥, 42) (io(i,j),i=1,3),

igt(i j) j=1,3)
format(3f10.3,10x,3f10.3)
continue
stop
end

subroutine newcor(rl,r2,r3)
common/newvec/qr(3,3),q(3,3),qt(3,3)
real r1(3),r2(3),r3(3)

real di1(3),d2(3),d3(3)

real qrg(3)

do 10 1=1,3

d1(i)=r2(i)-ra(i)

d2(i)=r3(i)-r1(i)

continue

call cross(d1,d2,d3)

call norm(d1)

call norm(d3)

call cross(d3 d1,d2)

do 20 i=1,3

q(1, I) di(i)
q(2,i)=d2(i)
q(3,i)=d3(i)

qt(l 1)=d1(i)
qt(i,2)=d2(i)
qt(i,3)=d3(i)
continue

call trans(q,r1,qr(1,
call trans(q,r2,qr(1,
call trans(q,r3,qr(1
return

end

m
2))
3)

1

subroutine cross(a,b,c)
real a(3),b(3),c(3
c(1)=a(2)*b(3)-a(3)*b(2)
c(2)=a(3)*b(1)-a(1)*b(3)
c(3)=a(1)*b(2)-a(2)*b(1)
return

end

call newcor(r(l ind(1)),r(1,ind(2)),r(1,ind(3)))
=1

C--—-

10

20

C----

10

C----

10

20

C----

C----

C--—-

C----

21

22

10
20

30

subroutine norm(a)
real a(3)

al=0.

do 10 i=1,3
al=al+a(i)**2
al=sqrt(al)

do 20 i=1,3
a(i)=a(i)/al

return

end

subroutine trans(qg,a,b)
real q(3 3),a(3),b(3)
do 10 i=1,3

b(l) 0 0

b(l) b(l)+q(l 1)*a(J)
return
end

subroutine rotate(a)
common/newvec/qr(3,3),q(3,3),qt(3,3)
real a(3,3),temp(3,3)

do 10 i=1,3

do 10 j=1,3

temp(i,j)=0.0

do 10 k=1,3
temp(l,J)=temp(l,J)+a(l,k)*Q(k.J)
do i=1,3

do 20 =1,3

a(i,j)=0.0

do 20 k=1,3

(I J) a(l j)+at(i.k)*temp(k,j)

end

subroutine itgen(r,rg,n,it)
real r(n),rg(n),rho(3),it(n,n)
a=0.

do 1 i=1,n

rho(i)=r(i)-rg(i)
a=a+rho(i)**2

do 2 i=1,n

do 3 j=1,n
it(i,j)=-rho(i)*rho(j)
it(i,))=a-+it(1,i)
return

end

subroutine clear(a,n)
real a(n)

do 1 i=1l,n
a(i)=0.

return

end

subroutine sum(a,b,n,c)
real a(n,n),b(n,n)

do 1 | 1n
a(i,j)=a(i,j)+0*b(i,j)
return

end

subroutine det(a,n,d)
real a(n,n)

d=1.

do 20 i=1,n-1
amax= abs(a(l i)
imax=i

do 21 j=i+1l,n

aji=abs(a(j,i))

if(aji.gt.amax)then
amax=aji
imax=j

endif

continue

if(imax.ne.i)then

do 22 k=i,n

temp=a(imax,k)

a(imax,k)=a(i,k)

3(i,k):temp

endif

do 20 j=i+1,n

alpha a(J iYa(i,i)

do k=i,n

a(j, k) a(J k) alpha*a(i,k)
continue

do 30 i=1,n
d=d*a(i,i)

return

end
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Example — Off-Balanced Rotating Object

Two spheres of mass 5 kg and radius 1.5 m &

are mounted on a massless rod as shown in

the figure. The position vectors of; and

mo are respectively;; = {0,2,3}7 andr, =

{0,—1,-3}". Find , 0 N y
(a) the moment of inertia matrix about point ‘ \ o ’

O using thexyzsystem, and

(b) the moment vector that the spheres exert
on the rod at poin® if the rod is rotating x
with an angular velocity ob. my

Solution:

Part (a)
[I¢] of both spheres 1 and 2 are

[Ig]l = [IG]Q = %mRz

S O
o = O
o = O

0 5 1 0 45 0 0
0] = g(5)(1.5)2 0 0|l=1|0 45 0
1 0 1 0 0 45

Now calculatg 7] (parallel axis theorem) for both spheres to move origin to p@int

[I7] for sphere 1 usindic, = 71 = {0,2,3}7 is

R

[I7] for sphere 2 usin(jﬁgg =7y ={0,-1,-3}Tis

[Ir]1 =5 ((02 +22 +3%) [

O O =
O = O
— o O
o OO
D = O
NelN o) an]
I
N~ —
Il
ot
1
—_
S O
|
©©O
|
»Jk@O
I

1 0 0 00 0 10 0 0
Ir)]a =5 (0*+ (=1)*+(=3)») |0 1 0| —-|0 1 3 =50 9 -3
0 0 1 0 3 9 0 -3 1

The moment of inertia matrifo] using thexyzsystem is then

o] = ([Ich + [IG]2> + ([IT]1 + [IT]2>
9 0 O 23 0 0 124 0 0
=10 9 0|+5]0 18 —-9| = 0 99 —45
i -3 %
Part (b)

0 -9 5 0 —-45 34
As the rod rotates with angular velocityj, it is convenient to attach Systexyzso that it rotates
with the masses, i.e., let the angular velocity of the coordinate systélrtbe;j =wJ.

Note: In this casd} is the same as the angular velocity of the body. For some other problems,
however, the body may rotate differently from the coordinate system, so a distinction must be made

betweer() andd.
—-71/17 -



With thexyzsystem rotating with respect to syste¥Z the

transformation matrix can be defined as 2z Z
0
qx cos# 0 sinf qx Qa
qz —sinf 0 cosf q- q- 0
XT

in which @ = wt.

Method 1 Use moment of inertia matrifo|xyz

124 0 0 cosf 0 —sinf

[Iolxvz=[QIo)xdQ)" =[Q] | 0 99 —45 0 1 0
0 —-45 34 sind 0 cosf

[ cosf® 0 sind 124 cos @ 0 —124sin 6
= 0 1 0 —45sinf 99  —45cosf
| —sinf 0 cos0 34sinf —45  34cosf
(124 cos2 6 + 34sin20 —45sin6 —90sinf cos
= —45sin 0 99 —45 cos
| —90sinf cos@ —45cosf 124sin? 0 + 34 cos? 0

A moment of inertia matrix which is a function of tinteasf = wt. Now, the angular momentum
vector can be calculated as

Hox wx 0 — 45w sin wt
Hoy p =[lolxyz{ wy ¢ = [lolxvz{ w = 99w
Hoz wz 0 ) vz —4bw coswt |,

and the moment vector Mo, about pointO is simply

MOX d HOX —45w2 cos wt
> 8 Moy ¢ = o | Hov o= 0
Moy Hoz 45w? sin wt

XYz

Method 2 Use moment of inertia matrijdo x> Calculate the angular momentum vector inxie
system:

Hoq Wy 124 0 0 0 0
Ho. w. 0 45 34| lo),, |-45w),,

To calculate the moment vector, a time derivative must be taken with respect to a rotating basis:

]\4037 d ffoaj . ffo‘r 0 0 0 —45w2
Moy = d—; HOy + Q x HOy =<0 r+< wpx 99w = 0
Moz HOz HOz 0 0 —45w 0

Xyz

and the same moment vector in tk¥Zsystem is

Mox cosf 0 sinf —45w? —45w? cos wt
A Moy p=| 0 1 0 0 = 0
Moz —sinf 0 cos@ 0 xyz 45w? sin wt Y7
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Example — Badly Aligned Rectangular Plate

Asthe rod is rotating about tié-axis with an angular

velocity of 2 = 4.J rad/sec, the angkebetween the:
and theX axesi9) = 4t. Thezxyz coordinate system
is convenient for the calculation of the moment of
inertia matrix, i.e.,

] 22 0 0
[Jtﬂxyzz=-I§(1o) 0 22412 0
0 0 12
333 0 0
= 0 417 0
0 0 0.83

while the XY Z system is needed to determine the
absolute bending moment.

The transformation matriQ(zyz «+— XY Z)] can be determined as a product between two
simpler transformation as:

cos4t 0 sin4t 1 O 0 cosdt 0.6sin4t 0.8sin4t
Q] = 0 1 0 0 0.8 —-06]|= 0 0.8 —0.6
—sin4dt 0 cos4t 0 0.6 0.8 —sin4dt 0.6cos4t 0.8 cos4t

Methad 1 — Use fixed coordinate systexiyZ

First we must evaluate the moment of inertia matfrix]xyz as a function of time. This matrix
fluctuates with time because the geometry is constantly changing.

[Tolxvz = [Q][To]xQ)"
or

333 0 0 cos 4t 0 —sin4t
lolxvz=1[Q]| 0 417 0 0.6sin4t 0.8 0.6cos4t
0 0 0.83 0.8sin4t —0.6 0.8cos4t

[ cos4t  0.6sin4t 0.8sin4t 3.33 cos 4t 0 —3.33sin 4t
= 0 0.8 —0.6 2.50sin4t 3.34 2.50 cos 4t
| —sindt  0.6cosdt 0.8cos4t 0.67sin4t —0.50 0.67cos4t
[3.33cos?4t + 2sin® 4t 1.6sindt  —1.29sin 4t cos 4t
= 1.6 sin 4t 3 1.6 cos 4t
| —1.29sin4t cos 4t 1.6 cos4t 3.33sin? 4t + 2 cos? 4t
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Subsequently, the angular momentum inX¥Zsystem can readily be calculated as

——— 16sin4t ———7 (0 6.4 sin 4
{Ho}xvz= olxyz{w}xyz= | — — — 3 - 4 0= 12
——— 1.6cosdt ——— 0 6.4 cos 4t

XYZ

The moment vector about poitit can now be obtained by differentiating the angular momentum
vector as follows

25.6 cos 4t

{ZMO}XYZ: %{HO}XYZ: ¥

—25.6sin 4t Y7

It is clear that oscillating moments about theand Z axes are caused by the mis-aligned plate
trying to “right” itself. There is no torque in th¥ direction because the rod is rotating at a constant
angular velocity and there is no friction considered.

Methad 2 — Use rotating coordinate systewyw

In thexyzsystem,
{Ho }xyz = [IO]xyz{W}xyz

in which
0 cos 4t 0 —sin 4t 0 0
{whyz=[Q]F { 4 = | 0.6sin4t 0.8 0.6cosdt | < 4 ={ 32
0 Y7 0.8sin4t —0.6 0.8cos4t 0 XYz —-2.4 xyz
Therefore
3.33 0 0 0 0
0 0 o083 (-24),, |-20),,

Now to differentiateH, with respect to a rotating coordinate system, use the formulation

P 0 0 0 25.6 25.6
{Mo}yz= 24 1333 ¢ +9 32 5 x {1333 0 =70+ 0 =4 0
—2 —2.4 —2 0 0 0

Xyz

The “righting” moment is about the rotatingaxis only. To obtain the results in th€rZsystem,
use the transformation:

25.6 cos4t 0.6sin4t 0.8sin4t 25.6
{ZMO}:[Q] 0 = o 0.8 0.6 0
0 xyz —sin4dt 0.6cos4t 0.8 cos4t 0 xyz
or
25.6 cos 4t
{Emof=q 0
—25.6sin 4t Y7
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Kinetic Energy of a Rigid Body

Since a rigid body is a special case of a system of particles, the total kinetic energy of a rigid
body can be expressed generally as

1 N
=2
—symad
=1
but the additional restrictions of a rigid body requires that
Uy = Ug + @ X P ,

therefore,

The second term of the expression can be eliminated by the definition of the center of mass because

vag (@ x p;) = Vg Zpizﬁ

||Mz

Introduce now the vector identity for four vectors:

(EL’XE)-(BXJ):H-FX(&XE)] ;
apply it to the third term of the expression by assignidg: J, b = p;, ¢ = & andd = p; toyield
(& x 5) - (@ x p;) =&+ (pi X & x fs)

Therefore, the kinetic energy of a rigid body can be represented as

1 1
T = §MUG + 5&7 [IG](D y
or 1
T = —vg éG + 5@5 ﬁG ,

in terms of the linear and angular momenta.
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Special Case: Two-Dimensional Rigid Body Problems

The two-dimensional rigid body problem is just a special case of the three-dimensional
problems, but since most textbook problems are two-dimensional, it is worthwhile to discuss the
simplifications that it offers.

In three dimensions, the equations of motion, three degrees of freedom each, are
Zﬁzmﬁg and ZMO = [Ig]&+ﬁg X mdg

In two dimensions, the vectors are simplified as follows:

Fy aGa ~ er 0
F= Fy , dg = aGy , Rg= TGy and a = 0 ,
0 0 0 o,

and the moment of inertia matrix is simplified to

IG:wc Iny 0
[IG] = IGyI Iny 0
0 0 IGzz

Therefore, the translation equation of motion simplifies to

SR =mle)

and the rotation equation of motion reduces to

MOQJ IG:cx IG:cy 0 0 TGz aGyx
Y S Moy ¢ = |Ioye lay O 0 ¢p+1< TGy ¢ XxmA agy
Mo, 0 0 Ig.. o, 0 0
0 0
= 0 + 0
IGzzaz m (eraGy - 7aGyaGm)

The lack of angular momenta in theand they directions require that/o, = 0 andMo, = 0.
Thus, the rotation equation of motion becomes a scalar one, i.e.,

ZMOZ = IGzzOCz +m (TGmaGy - rGyaG:r>

For the special situation when poi6t is fixed, the parallel axis theorem can be employed by
calculating the translation matrix:

2
TGy —TGzTGy 0
[IT] =m | —rgy’Ge Tg;x 0 )
0 0 rém + rsz

but sincex only has az-component, the only term needed for the moment of inertia matrix is
Io.. =Ig.. +m (rém + r%y)

The above expression is the parallel-axis theorem that is the most familiar for beginning classical
physics students.
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Example — Conservation of Angular Momentum |

A slender rod of length2L JUG y

is dropping with a velocity of G

¢ when its right end hits a | ==

fixed pole. Find the angular | I ; I O .

velocityds immediately after the
collision if the collision is plastic
in nature.

Solution:

Use the conservation of angular momentum about p@ibecause the force of the collision
has a zero moment there. With the summation of external moments equal to zero, the equation for
angular impulse and angular momentum implies

ﬁOl - F]OQ
Before Collision:
Ho1 = Rg x mig + [Ig]@:

inwhicha; = Oinitially. Substitute the position vectdi; = {—L, 0, 0}T inthe above equation,
we have

. —L 0 0
Hop, = 0 Xm<i —vg p = 0
0 0 mLuvg

After Collision:

Hos = Rg x migs + [1g]da
inwhichds andigo are both unknowns. Since motion of all points on arigid body can be determined
with just one rotation vector and one translation vector, we shall use the known factgp thal
because it is a fixed point at the time of impact. We can now write
ﬁGQ = 6—|—va X Rg/o = (32 X EG
or ~ ~ .
Hoo = R X m(ﬁg X Rg) + [Ig](ﬁg = [Io]u—jg
in which the moment of inertia matrix about the fixed paihtan be determined as

1 0 0 0 L? 0 0 0 0 0
[lo] = 75m | 0 20> 0 |[4+m|L’[1]-]0 0 0| |=]0 2mL*> 0
0 0 (2L)? 0 00 0 0  3mL?
It follows that
0
0 0 0 0 Wz2
Hoy = 0 =Hoy= [0 2mL? 0 wy2 p =14 smLiwy
mLuvg 0 0 %mL2 W9
%mszzg
L 3ug )"
which impliesw,> = 0 andw.> = mLvg/(4mL?/3) , or Wy = {0, 0, E}




Example — Conservation of Angular Momentum Il

Athinsquare plate of dimensions
2L x 2L is dropping with a -
velocity of 7z when one of its / \ o)
corners collides with afixed pole. G

Find the angular velocityds /

immediately after the collision if
the collision is platic in nature. 2 o

Solution:
Use the conservation of angular momentum about p@ibecause the force of the collision

has a zero moment there. With the summation of external moments equal to zero, the equation for
angular impulse and angular momentum implies

Hor = Hos
Before Collision:
Hoy = Ra x mey + [Ia]&

in which @, = 0 initially. Use the position vectoR = {L,—L,0}” in the above equation, we
have

. L 0 mLvg
Ho1 =< —L 3} xm 0 =< mlvg
0 e 0

After Collision:

Hos = Rg x m(0 + @y x Rg) + [Ig]@2 = [Io]@s
in which the moment of inertia matrix about the fixed paintan be determined as

(2L)2 0 0 1 00 L?* —1L? 0
o] =m | 0 (2L)? 0 +m |2L*|0 1 0| —|—-L2 L? 0
0 0  2(2L)2 0 0 1 0 0 0

Now by equating the angular momentum vectors before and after the collision

B %mL2 mL? 0 W2 %mLQwJEQ + mL%wyo mLvg
Hoo = | mL?* §mlL? 0 wy2 ¢ =4 mL2wyo + 3mLwys » =4 mLug ,
0 0 %mL2 W49 %mLszg 0

we havew., = 0 and
§We2 + wy2 = v /L
wg2 + wy2 = ve/L

3UG 3UG }T

The final result can be written as Wy = {ﬁ Do
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Example — When the Shit Hits the Fan

An irregular object with mass 0.4 kg is originally flying with a velocity@f = {4, 3,5}7
m/sec and with an angular velocity aff = {1,2,—-2,}7 rad/sec when it is striked by a fan
blade at pointd. Point A can be described relative to the center of m@slsy position vector

Ra/a = {0.2,-0.1,0.3}T m. If the velocity of point4 of the object is{25, 10,0}” m/sec at the
instant of the impact, find the angular velocity of the object immediately after the impact.

The moment of inertia matrix/s] of the

object is given as / W0,
1.3 -1 0.22
Ic]=| -1 18 03
022 0.3 2 A :;;;;
e
\233%
SOLUTION:

Since the force of the fan blade is applied at painthe moment at poindl is zero; hence, we can
have conservation of angular momentum about pdirite.,

(Ha)1 = (Ha)2

Before Impact:
(HA)l = Rg/A X mug + [Ig]dh

0.2 4 -1 0.22 1
=<¢ —0.1)x04 3 —1 1.8 0.3 2
0.3 022 0.3 2 -2
—0.56 —1.14 —1.70
=4¢ 008 p+4+<¢ 2.00 p=4¢ 208
0.40 —3.18 —2.78
After Impact:

Sincev, is given, we can write

UG =Ua +Wa X Rg/a
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and the angular momentum about paiafter the impact is

(ﬁA)Q = ﬁg/A X m(ﬁA —HUQ X ﬁg/A) + [IG]CUQ
= Eg/A X mUA +m(ég/A X &2 X ég/A) + [I(;']ng

= Raya x mUa + ([Ir] + [I6])@2

in which
1 00 0.04 —0.02 0.06
[I7] =04 | (0.2 +(-0.1)>+0.3%) [0 1 0| — | —-0.02 0.01 —0.03
0 0 1 0.06 —0.03 0.09
[ 0.10 0.02 —0.06 0.04 0.008 —0.024
=04 002 013 0.03 [ =] 0008 0.052 0.012
| —0.06 0.03 0.05 —0.024 0.012  0.02

Therefore, the moment of inertia matrix about paihis calculated as
1.34 —0.992 0.196
[Ia] = [I7] + [Ig] = | —0.992 1.852 0.312

0.196 0.312 2.02

Equating the two angular momentum terms we have

~1.70 0.2 25
208 % =4 —0.13x04{ 10 p + [14]Ds
—2.78 0.3 0
or
~1.70 ~1.2
[I4)@, =< 208 §—< 3.0
—2.78 1.8

and the3 x 3 matrix equation

1.34 —0.992 0.196 Wy —0.5
—0.992 1.852 0.312 Wy =< —0.92
0196 0312 2.02 | |w. ), [—4.58
yields
W —0.2374
wy ¢ =< —0.2524
w. ), (22053
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Example — Simple Gyroscopic Motion

The toy gyroscope consists of a rotBrwhich
is attached to the frame of negligible mass. If the
rotor is spinning about its axle at an angular speed
wr = 1b0rad/sec, determine the constant angular
velocity w,, at which the frame is precessing about
the pivot point atO. OG moves in the horizontal
plane. The rotor has a mass of 200 g and a radius of
gyrationkog = 20 mm aboutOG.

Solution:
Given: I,, = (200)(20)? = 8 x 10*g-mn¥. I, andI.. were not given for this particular problem,
sowithRg = {0, 30, 0}7

ILe 0 0 100 0 0 0
[Io] =[Ic]+[Ir]=| 0 8x10* 0 | +200[90]0 1 0|—]0 900 0
0 0 L. 00 1 0 0 0
Io + 180000 0
= 0 80000 0
0 0 L.+ 180000

Now we can calculate the angular momentum about poias

0 0
Wy (.. + 180000)w,

Xyz Xyz

The angular velocity of theyz coordinate system i§ = {0, 0, w,}T even though the angular

velocity of the rotor isdyy, = {0, 150, w,}7. With 3, we can calculate the rate of change of angular
momentum as

0 0 0

d. -
{ZMO} = E{HO}xyz‘i‘ Q x {HO}xyz: 0»+ 0 X 1.2 x 107
vz 0 Wy (I, 4 180000)w,

Xyz

Now by calculating the moment of the rotor’s weight about pémive have

B 0 0 —5.89 x 107 ~1.2 x 107w,
{Z MO} —x F=1{30%x 0 - 0 - 0
v 0 (—200)(9810) 0 0

wp = 4.91rad/sec .

As expected,l,, and ., did not enter into the results of this particular problem. But for more
complicated gyroscopic motion problems, these other moment of inertia terms will also be needed.
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Example — More Complicated Gyroscopic Motion

The top consists of a thin disk
that has a weight of 8Ib and a radius
of 0.3ft. The rod has a negligible
mass and a length of 0.5ft. If
the top is spinning with an angular
velocity ws, = 300 rad/sec, determine
the steady-state precessional angular
velocity w,, of the rod as a function of
6. Do specific examples fat = 40°
and9ao°.

Solution:

It is convenient to solve this problem with three
different coordinate systemXY Zas the fixed system,
xyzas the rotating system which follows the top and Z,z
abc as the system for convenience in determining
the moment of inertia matrix of the disc. Since this ¢ LY b
is a steady-state precession problem, it is easiest to
solve the problem at the instant when tkyz and 9 G
XYZsystems are aligned, i.e., when the transformation
between the two systems is defined as

O
qx qx
qz q- X,x,a
The transformation between tlkgzand theabcsystem can also be established as

qy ¢ = |0 cos(f5—6) cos(m+0) @ p= 1|0 sinf —cosb b
q- 0 cos 6 cos( —0) e 0 cosf sinf e

With the circular disk being a simple geometry in thigc coordinate system, it is easy to determine
that

OO =
S = O
_ o O

8 025 0 0 0.00559 0 0
[Ic]abe = (32_2> 03)*] 0 05 0 |= 0 0.01118 0 :
' 0 0 025 0 0 0.00559

abc

now the parallel-axis theorem can be applied by defirﬁ’@g: {0, 0.5, 0} and

. 1 0 0 0 0 0 0.06211 0 0
[IT]abc:<@) 0250 1 0| —-1]0 025 of|=| o o o0
' 00 1 0 0 0 0 0 006211,

The moment of inertia matrix of the disk about pointcan now be calculated as

0.0677 0 0
[Io]abe = [IG]abe + [I7]abc = 0 0.01118 0
0 0 0.0677

abc
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To determine the angular momentum of the disk, usatieezoordinate system. The angular velocity
of the disk in theabcsystem can be determined via one transformation as

1 0 0 0 0 0
{w}labc= |0 sinf cosé 0 + < 300 = ¢ wpcosf + 300 ,
0 —cosf sinf Wp ) w2 0 ) e wp sin 6 ahc

and it follows that the angular momentum in thigc system is simply

0
0.0677wy, sin 6

abc

To calculate the rate of change of angular momentum in a rotating coordinate system, rewrite the
angular velocity vectof? = {0, 0 , wy}y, in the abc system via a transformation & =
{0, wycosh, wy,sind}l  and then

0 0
d d. . 4
E{Ho} = E{HO}+Q x{Ho} =04+ ¢ wpcosf X ¢ 0.01118(w,, cos 6 + 300)

wp sin 6 ahc 0.0677wy, sin 6 ahc
0.0677%2) sinf cosf — 0.01118%2) sin 0 cos 0 — 3.354w), sin
= 0
0

abc

Now after the transformation to the/zsystem

0.05652w2 sin 0 cos 0 — 3.354w), sin 6

{ZMO}xyz: %{HO}XyZ: 8

Xyz

To determine the sum of moments about pardue to the weight of the top, use the cross product

. 0 0 —4sinf
{ZMO} —FxF=1{05sm0 % x{ 0 - 0
xyz 0.5cos @ xyz -8 xyz 0 xyz

and by equating the above two equations, we have a quadratic equatign for

0.05652 w), cos 6 — 3.354w, +4 =0

Case One: At § = 40°, the quadratic equatioh(0432968 wg — 3.354w, + 4 = 0 yields two roots:

wp = 1.21 rad/sec as thiew precessiomngular velocity and,, = 76.25 rad/sec as thieigh precession
angular velocity.

Case Two: At § = 90°, the quadratic equation reduces to a linear eqauti®B54 w, + 4 = 0 which
yieldsw, = 1.193 rad/sec as the only precession angular velocity for this special case.
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